Let S be a σ-algebra of subsets of the real line R, and I ⊂ S a proper σ-ideal. We shall say that the sets A, B ∈ S are equivalent (A ∼ B) if and only if A B ∈ I. We will denote by λ the Lebesgue measure on the real line.
Let us recall that the point x ∈ R is said to be a Lebesgue density point of a measurablea a set A, if
W. W i l c z yń s k i [W1] gave his reformulation of the notion of the density point of a measurable set A, in terms of convergence almost everywhere of the sequence of characteristic functions of dilations of a set A:
A point x ∈ R is Lebesgue density point of a measurable set A if and only if every subsequence which converges to χ [−1,1] almost everywhere on [−1, 1] (which means except on a null set).
Wilczynski's approach relieved definition of the notion of a measure. His definition requires only null sets. Instead of the notion of convergence in measure of a sequence of measurable functions, he uses the convergence almost everywhere. This opened a new space for studying of more subtle properties of the notion of the Lebesgue density point and density topology, their various modifications, and, most of all, the category analogues (see [PWW1] , [PWW2] , [CLO] ).
The reformulated definition could be considered in more general settings as follows:
A point x ∈ R is an I-density point of a set A ∈ S, if every subsequence In [PWW2, Corollary 1, p. 556] in the category case, and in [W2] in the measure case, it is proved that the following conditions are equivalent:
1. x is an I-density point of a set A ∈ S.
2. For any decreasing to zero sequence of real numbers {t n } n∈N , there exists its subsequence {t n m } m∈N such that the sequence 
ÈÖÓÔÓ× Ø ÓÒ 2º For each
P r o o f. It is obvious.
From now on, we shall consider a particular case; an S stands for the σ-algebra of subsets of the real line R with the Baire property and I ⊂ S is the σ-ideal of the sets of first category. The families F [−1,1] , F I [−α,α] and F I will be denoted by A I [−1,1] , A I [−α,α] and A I , respectively. Let us recall that we can uniquely assign a regular open set G to every A ⊂ R that has the Baire property, such that A G ∈ I. We shall call it a regular open representation of A and denote by G (A) (see [O] and [WO2] ).
Remark 1º
Let us observe that for any sets A, B ∈ S, such that A B ∈ I, the I-a.e. convergence of the sequence of characteristic functions {χ a n ·A } n∈N on [−1, 1], for each {a n } n∈N to χ A is equivalent to the convergence of the sequence of characteristic functions {χ a n ·B } n∈N on [−1, 1] to χ A . 
Ä ÑÑ 1º Let

ÈÖÓÔÓ× Ø ÓÒ 3º There exists a set A such that Φ I (A) Φ A I (A).
P r o o f. We shall start with the notion of density from the right. We shall define a set A such that: 1) 0 is not an I-density point of A from the right, 2) 0 is not an I-density point of R−A from the right, 3) 0 is an A I -density point of A from the right.
Let D ∈ A I be a set such that [0, 1] \ D ∈ S \ I, and {c n } n∈N be an arbitrary sequence of real numbers decreasing to 0, c 1 < 1, such that lim n→∞
Now, let {t n } n∈N be an arbitrary sequence of real numbers decreasing to zero. We can find the subsequences {t n r } r∈N and {c m r } r∈N of {t n } n∈N and {c n } n∈N , respectively, and there are neither elements of {t n } n∈N nor of {c n } n∈N between c m r and t n r .
Consider the sequence c m r · converges I-almost everywhere on (0, 1) to χ [0, 1] , and by Lemma 1 
Thus, we obtain
If a = 1, the proof is complete; 0 is an A I -density point of B = D ∩ [0, 1] from the right.
If a < 1, we have to determine B on (a, 1] as well.
By definition of {c n } n∈N , we have lim k→∞
Hence, because D has 0 as its I-density point from the right, we can find a subsequence 
Ì ÓÖ Ñ 1º
The mapping Φ A I : S → 2 R has the following properties:
(
1) For each A ∈ S, A ∼ Φ A I (A). (2) For each A, B ∈ S, if A ∼ B, then Φ A I (A) = Φ A I (B). (3) Φ A I (∅) = ∅, Φ A I (R) = R. (4) For each A, B ∈ S, Φ A I (A ∩ B) = Φ A I (A) ∩ Φ A I (B). P r o o f. (0) From Proposition 2 Φ A I (A) = Φ I (A)∪ Φ A I (A)\Φ I (A) . The set Φ
is a union of a set Φ I (A) with the property of Baire and of a first category set, hence a set from S.
(1) It is clear, in view of A ∼ Φ I (A) (see [PWW1] ) and the fact that Φ A I (A) and Φ I (A) differ by a set from I.
(2) It is a simple consequence of the fact that in the definition of Φ A I (A) the I-almost everywhere convergence is involved.
( 
3) It is obvious. (4) Observe first that if A ⊂ B, A, B ∈ S, then Φ
A I (A) ⊂ Φ A I (B), so Φ A I (A ∩ B) ⊂ Φ A I (A) ∩ Φ A I (B
Remark 2º
It is an immediate consequence of (0), (1) and (2) 
from Theorem 1 that Φ A I is idempotent, i.e., Φ A I (A) = Φ A I Φ A I (A) . We also have Φ
A I (A) ∩ Φ A I (R \ A) = ∅.
Ì ÓÖ Ñ 2º The family T A I = A ∈ S : A ⊂ Φ A I (A) is a stronger topology than the I-density topology T I .
P r o o f. From Theorem 1 (3), ∅ and R ∈ T A I , and the family is closed under finite intersections according to (4). To prove that T A I is closed under arbitrary unions, observe that from Theorem 1, Φ A I (A) \ A is a set from I for each A ∈ S, and then we follow the proof in [W2] . Take a family
The first and the last set in the above sequence of inclusions differ on a set from I and both sets have the property of Baire, so t∈T A t ∈ S. Also, t∈T A t ⊂ Φ A I t∈T A t according to central inclusion and monotonicity of Φ A I implied by (4) of Theorem 1. Hence, finally 
Remark 3º
Like the I-density topology, the A I -density topology can be described in the form:
, and we take P = Φ A I (A) \ A ∈ I. Now, if B = Φ A I (A) \ P , for some A ∈ S and P ∈ I, then we get
from Theorem 1 (1), (2) and the above remark.
The A I -density topology T A I has similar properties to those of the I-density topology T I .
Ì ÓÖ Ñ 3º For an arbitrary set
A ⊂ R Int T A I (A) = A ∩ Φ A I (B) ,
where B is an S-measurable kernel of A (i.e., B ∈ S and D \ B ∈ I for any D ∈ S, D ⊂ A).
P r o o f. We can follow the proof of Theorem 2.5 from [W2] here, where Φ is replaced with Φ A I .
Ì ÓÖ Ñ 4º A set A ∈ T A I is T A I -regular open if and only if A = Φ A I (A).
P r o o f. Here we can adopt the proof of Theorem 2.6 from [W2] . The inclusion Φ A I (A) ⊂ Cl A I (A) in the first part of the proof can now be verified as follows
P r o o f. We can follow the proofs of Theorems 2 and 4 from [PWW2] or Theorem 2.8 from [W2] . To prove the second equality we recall that every set of the second category has a subset that lacks the property of Baire [see [O] ].
Ì ÓÖ Ñ 6º The σ-algebra of T A I -Borel sets coincides with S.
If E ⊂ R is T A I -compact set, then E is finite. The space (R, T A I ) is neither first countable nor second countable, Lindelöf, and separable.
(R, T A I ) is a Baire space.
P r o o f. We can follow the proofs of Theorem 3 of [PWW2] and Theorems 2.9--2.12 from [W2] .
Remark 4º
In the proof of the above theorems we have used a classical argument referring only to results for Lebesgue density topology from [W1] and [W2] and for I-density topology from [PWW2] and [PWW1] . However, since T A I ⊂ S and Φ A I is a closed lower density operator (i.e., Φ A I (A) ∈ S) we could rely on more recent results from [RJH] given in more general settings.
We shall consider some properties of continuous functions from (R, T A I ) into (R, T n ) now.
Ò Ø ÓÒ 2º
We say that a real variable function f is topologically T A I --approximately continuous at a point x 0 if and only if for every number ε > 0,
x : |f (x) − y| < there is a T A I -neighborhood of x, i.e., there exists a set
Ò Ø ÓÒ 3º We say that a real variable function f is restrictively T A I -approximately continuous at a point x 0 if and only if there exists a set 
Remark 5º
In the proof of part (i) of the above theorem we have used a classical argument referring only to results from [PWW1] and to the inclusion T I ⊂ T A I . However, since T A I ⊂ S and Φ A I is a lower density operator, we could rely on Theorem 6.39 from [LMZ] or use the recent results of B a r t o s z e w i c z and K o t l i c k a given in more general settings (see [BK] Theorem 2.2).
ÈÖÓÔÓ× Ø ÓÒ 5º There exists a function that is (right) T A I -topologically, but not T A I -restrictively continuous at zero.
P r o o f. We shall start with the continuity at zero from the right. Let {c n } n∈N be a decreasing to zero sequence of real numbers such that c n+1 < 1 4 n c n , c 1 = 1. Define 
By definition of f ,
and it is a simple observation that for every k ∈ N, E k has 0 as the A I -density point (even A I[−1,1] -density point).
The function f is not right T A I -restrictively continuous at 0. Suppose, on the contrary to our claim, that there exists a set E ∈ A I such that lim x∈E, x→0 f (x) = 0.
